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Abstract
We consider string meson and string baryon models in the framework of the mod-
ified measure theory, the theory that does not use the determinant of the metric to
construct the invariant volume element. As the outcome of this theory, the string ten-
sion is not placed ad hoc but is derived. When the charges are presented, the tension
undergoes alterations. In the string meson model there are one string and two oppo-
site charges at the endpoints. In the string baryon model there are two strings, two
pairs of opposite charges at the endpoints and one additional charge at the intersection
point, the point where these two strings are connected. The application of the modified
measure theory is justified because the Neumann boundary conditions are obtained dy-
namically at every point where the charge is located and Dirichlet boundary conditions
arise naturally at the intersection point. In particular, the Neumann boundary condi-
tions that are obtained at the intersection point differ from that considered before by
’t Hooft in [hep-th/0408148] and are stronger, which appears to solve the nonlocality
problem that was encountered in the standard measure approach. The solutions of
the equations of motion are presented. Assuming that each endpoint is the dynamical
massless particle, the Regge trajectory with the slope parameter that depends on three
different tensions is obtained.
1 Introduction
When considering the action formulation of a theory the standard measure of the in-
tegration,
√−g (where g is the determinant of the spacetime metric), is usually used.
It must be a density under diffeomorphic transformations and therefore,
√−g may
not be a unique choice. In our paper, the integration measure is constructed out of
two scalar fields. When the measure is modified, an additional degree of freedom is
artificially added, then the action is varied with respect to the new dynamical field.
As a main result, it becomes possible to prescribe the meaning to the constants that
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were put by hand before. Modified measure theories [1] are widely used in gravity, for
example, for solving the cosmological constant problem [2], the fifth force problem [3],
the unified dark energy - dark matter problem [4]. Such theories are considered within
string theory in [5, 6] and in particular with the Galileon modified measure in [7, 8].
The most significant contribution of the modified measure theory to string theory is
that it shows how to derive the tension instead of putting it ad hoc to the action. The
aim of this paper is to apply this development to the construction of string meson and
string baryon models of a special configuration that arise naturally in the framework
of the modified measure theory.
String models of hadrons are well studied in the literature [9, 10, 11, 12, 13, 14,
15, 16]. While there is only one possible string configuration to represent a meson,
that is, a single string with the opposite charges at both endpoints, the baryons have
more freedom. Three strings with the charges at each endpoint can be arranged, for
example, in ∆-model, in the Y-shaped model which requires a vertex. A one-string
quark-diquark model is also possible as the limit of the Y-configuration. In this paper,
we present new string meson and string baryon models.
Our string meson model consists of an open string with the opposite charged end-
points. These charges signify the discontinuity of the string tension and therefore, in
this case the termination of the string. As opposite to the standard string theory we
put the charges at first, then we see that they must be opposite and then Neumann
boundary conditions are obtained. We do not put these conditions at the endpoints
but we derive them.
Our string baryon model is constructed out of two strings with the opposite charged
endpoints each. However, one of them has an additional charge. This charge brings
the alteration to the tension. But instead of termination, the string changes its tension
value and continues. The difference from the previous models, besides the number of
strings used, is that the Dirichlet boundary conditions arise naturally at the intersec-
tion point. In [16] boundary conditions are enforced by the Lagrange multipliers and
differ from ours, see Section 5. Here, both Dirichlet and Neumann boundary conditions
come from the measure initially modified.
In Section 2 we provide a general information on a string in the modified measure
theory. Section 3 is dedicated to the string meson model, and Neumann boundary
conditions are derived. In Section 4 we connect two strings, thereby constructing a
baryon, and Dirichlet boundary conditions are applied at the intersection point. It is
substantial that these conditions are obtained dynamically. In Section 5 we present
the approach, the main results and the problem of [16]. The resolution of this problem
is given in Section 6. Section 7 is devoted to the solutions of the equations of motion
and to the derivation of the energy and angular momentum of our system. In Section
8 we discuss the consequences for the quantum case. Conclusions are given in Section 9.
2
2 The Modified Measure String
The standard sigma-model string action is
Ssigma−action = −T
∫
dσdτ
1
2
√−γγab∂aXµ∂bXνgµν , (1)
where T is the tension of the string; γab is the intrinsic metric on the worldsheet,
where the indices are a, b = 0, 1; γ is the determinant of γab; gµν is the metric of the
embedding spacetime with D dimensions, where the indices are µ, ν = 0, . . . ,D. Xµ
are coordinate functions; Xµ = Xµ(σ, τ), where σ, τ are worldsheet parameters.
The equations of motion with respect to the dynamical variables γab and Xµ are
Tab = (∂aX
µ∂bX
ν − 1
2
γabγ
cd∂cX
µ∂dX
ν)gµν = 0, (2)
1√−γ ∂a(
√−γγab∂bXµ) + γab∂aXν∂bXλΓµνλ = 0, (3)
where Γµνλ is the affine connection for the external metric.
The only restriction to the integration measure is that it must be a density under
diffeomorphic transformations. In this paper Φ is chosen to be a measure density
instead of the standard one
√−γ. By the definition Φ is
Φ =
1
2
ǫijǫ
ab∂aϕ
i∂bϕ
j , (4)
where ϕi(i = 1, 2) are two (by the number of dimensions) additional worldsheet
scalar fields, ǫij and ǫ
ab are the Levi-Civita symbols.
Then
S =
∫
dσdτΦL, (5)
where L is an arbitrary Lagrangian, transforming as a scalar under general coordi-
nate transformations.
The variation with respect to ϕi is
ǫab∂bϕj∂aL = 0. (6)
Since det(ǫab∂bϕj) ∼ Φ, then, if Φ 6= 0, it leads to the condition
L =M = const. (7)
The modified measure string action is
Ssingle−string = −
∫
dσdτΦ[
1
2
γab∂aX
µ∂bX
νgµν − ǫ
ab
2
√−γFab], (8)
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where Fab is the field strength, Fab = ∂aAb − ∂bAa, Aa is the auxiliary Abelian
gauge field.
This action is conformal invariant which is defined as
ϕa → ϕ′a = ϕ′a(ϕa), (9)
γab → Ω2γab, (10)
Φ→ JΦ = Φ′, (11)
such that J = Ω2, where Ω are the conformal transformations, J is the Jacobian.
The constraint (7) implies
γcd∂cX
µ∂dX
νgµν − ǫ
cd
√−γFcd =M = const. (12)
If M 6= 0, we would obtain spontaneous breaking of conformal invariance but as we
will see, M turns out to be 0.
The variations with respect to the dynamical fields Xµ, γab, Aa of the action provide
us with the equations of motion.
The field equations are
∂a(Φγ
ab∂bX
µ) + Φγab∂aX
ν∂bX
λΓµνλ = 0, (13)
∂aX
µ∂bX
νgµν − 1
2
γab
ǫcd√−γFcd = 0, (14)
ǫab∂b(
Φ√−γ ) = 0, (15)
Taking the trace of (14) and comparing with (12) we get that M = 0 which means
that the conformal invariance is not broken. By solving ǫ
cd√−γFcd from (12) (withM = 0)
and introducing in (14), we obtain the sigma-model equations of motion, (2) and (3).
The similarity of (2) and (3) derived from (1) with (13) and (14) derived from (8)
proves the validity of the modified measure theory.
The tension is spontaneously induced. It is derived as a constant of integration
from the equation (15)
Φ√−γ = T. (16)
4
3 The String Meson Model
A meson being a quark-antiquark bound system is reproduced by an open string with
the opposite charged endpoints, see Fig.1.
Figure 1: The string meson. Circles are the charged endpoints. T is the tension of the string.
e1 and e2 are charges with the condition e1 = −e2.
This string is not infinite. A tension, T , is a constant along the string and vanishes
at the endpoints. The string terminates when its tension discontinues, which follows
from the following.
The modified measure string with the tension that can dynamically end at the
endpoints has an action defined by
Ssingle−endpoints = Ssingle−string +
∫
dσdτAaj
a, (17)
where ja is the current of point-like charges setting at the endpoints.
The additional term in the action (17) contains the gauge field, Aa, interacting
with point charges. Then the equations of motion with respect to the gauge field are
modified compared to (15). They are
ǫab∂b(
Φ√−γ ) = j
a. (18)
As the meson is in a static configuration then the current becomes
j0 =
∑
i
eiδ(σ − σi), (19)
where ei are charges that are associated with the gauge field A
a and σi, i = 1, 2 are
their locations, i.e. the endpoints.
Therefore,
∫
dσdτAaj
a =
∫
dσdτA0(τ, σ)j
0 =
∑
i
ei
∫
dτA0(τ, σi). (20)
Also (18) turns to
5
ǫ01∂1(
Φ√−γ ) = j
0, (21)
where (0, 1) means (τ, σ).
Then, instead of (16) we obtain
Φ√−γ =
∑
i
eiθ(σ − σi). (22)
For a proof we firstly consider the endpoint on the left with e1 which is located at
σ1
∂σ(
Φ√−γ ) = e1δ(σ − σ1) (23)
and integrate the right-hand-side (rhs)
∫ σ1+ǫ
σ1−ǫ
e1δ(σ − σ1)dσ = e1, (24)
where ǫ is some positive constant.
The integration of the left-hand-side (lhs) gives
∫ σ1+ǫ
σ1−ǫ
∂σ(
Φ√−γ )dσ = (
Φ√−γ )|σ1+ǫ − (
Φ√−γ )|σ1−ǫ. (25)
The first rhs term of (25) is equal to T because of (16) and the second one vanishes
because the string starts at σ1 and does not exist to σ1’s left. Therefore, e1 = T .
Now we consider the endpoint on the right with e2 which is located at σ2
∂σ(
Φ√−γ ) = e2δ(σ − σ2). (26)
In analogue with the endpoint on the left, we obtain
(
Φ√−γ )|σ2+ǫ = e2 + (
Φ√−γ )|σ2−ǫ = 0. (27)
Then
T = −e2. (28)
The tension is changed discontinuously from zero at one end of the string to some
constant and back to zero at the other end of the string. This is the condition for the
string to terminate. The opposite charges at the ends of the string guarantee it.
In the standard string theory the endpoints are free until the boundary conditions
are applied. In the modified measure theory the boundary conditions are derived as is
seen from the following consideration.
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The variation with respect to Xµ gives the same equations of motion as those
obtained from the action (8). We need only the first term from the lhs of (13) because
only this term could be singular. The external space is well defined and therefore so is
Γµνα and
Φ√−γ can jump but still remains finite but ∂a(
Φ√−γ ) will be singular
∂a(
Φ√−γ )
√−γγab∂bXµ = 0. (29)
Inserting (22) in (29) we obtain
eiδ(σ − σi)δσa
√−γγab∂bXµ = 0. (30)
The worldsheet metric γab can always be taken in a certain gauge to be conformally
flat. Then in the conformal gauge in which γab
√−γ = ηab, we obtain
∂σX
µ(τ, σi) = 0. (31)
The equation (31) is the Neumann boundary conditions, which are in fact the con-
straints on momentum components. They are obtained at the points where charges
are located. Being originated from the discontinuity of the dynamical tension these
conditions arise naturally in the framework of the modified measure theory. It is even
impossible to violate them when having in hand only one string.
4 The String Baryon Model
A baryon being a three-quark bound system is reproduced by two open strings with
charged endpoints each and an additional charge within one of the strings, see Fig.2.
Figure 2: The string baryon. Dotted and curved lines denote two strings, X and Y , respec-
tively. A cross is the intersection point. T1, T2, T3 are the tensions. The sequence number
of a charge is the same as the sequence number of its location, for example, the charge e3 is
located at the point σ3.
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Note that the X-string stretches from e2 to e1 and the Y-string stretches from e3
via e1 to e4. If one considers the line between e4 (or e3) via e1 to e2 as a Y-string and
the line between e3 (or e4) and e1 as an X-string, it will lead through the same cal-
culations to the same results. Those choices are equivalent. However, once the choice
is made, the picture is not symmetric anymore. We are working further with the one
particular case because the charges are related among themselves and to the tensions
in a particular way each time a choice is made.
The X-string has two endpoints with charges e1 and e2. In order for this string to
terminate, the charges must be opposite: e1 = −e2. The Y -string too has two end-
points with charges e3 and e4. However, it has the additional charge e5, which appears
within the Y -string. Therefore, these strings do not enter equally. The charges e1 and
e5 are located at the point σ1 which is then the intersection point of two strings. At the
point σ1 the Y -string tension is changed from T2 to T3. Therefore, although e3 = T2
(see (22)) but T3 = e3 + e5 = −e4. The mathematical formulation is coming.
Each string comes with its own internal metric γabX or γ
ab
Y , its own measure ΦX or
ΦY and its own gauge field Aa or Ba.
The additional terms in the X-string and Y -string actions are
∑
i
∫
dσdτAaj
ia
A
and
∑
j
∫
dσdτBaj
ja
B , respectively. Note that i = 1, 2 while j = 3, 4, 5. The inter-
action takes place at σ = σ1 as viewed from the X-string or σ = σ5 as viewed from
the Y -string. Then at this point (σ = σ1 = σ5) we obtain j
0
A = e1δ(σ − σ1) and
j0B = e5δ(σ − σ1).
The X-string charges are similar to the string meson charges (31) that were con-
sidered in the previous section. So are the Y -string endpoint charges. But the charge
e5 has its own Neumann boundary conditions at the point σ1
∂σ(
Φ√−γ ) = e5δ(σ − σ1). (32)
Integrating both parts we obtain
∫ σ1+ǫ
σ1−ǫ
e5δ(σ − σ1)dσ = e5, (33)
∫ σ1+ǫ
σ1−ǫ
∂σ(
Φ√−γ )dσ = (
Φ√−γ )|σ1+ǫ − (
Φ√−γ )|σ1−ǫ = T3 − T2. (34)
Therefore
e5 = T3 − T2. (35)
The equations of motion with respect to Y µ gives us as previously the Neumann
boundary conditions
∂σY
µ(τ, σ1) = 0. (36)
All together the Neumann boundary conditions for the Y -string are
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∂σY
µ(τ, σj) = 0, (37)
where j = 3, 4, 5.
Then we see that the Neumann boundary conditions are applied not only at the
endpoints but at the intersection point too. They signalize that the tension undergoes
alterations: it becomes zero at the endpoints thereby terminating the string while at
the intersection point it changes its value thereby dividing the string into two strings
with different tensions. This is how we construct a baryon out of two strings as oppo-
site to the more standard three string construction.
Just like the Neumann boundary conditions exist already in the modified measure
theory, the Dirichlet boundary conditions are contained within the theory too and are
derived in this section.
In order to obtain that X-string = Y -string at σ = σ1 the conditions for the inter-
section point are needed.
Our guiding principle is that the part of the action that is responsible for the in-
teraction must be conformal invariant, generalizing the case of a single string equations.
The interaction term for two strings that leads to such conditions is
Sinteraction =
∫
dσdτ(λ1
√−γXγabX + λ2
√−γY γabY )∂a(
ΦX√−γX )∂b(
ΦY√−γY )V (X,Y ),
(38)
where λ1, λ2 are positive coefficients and V (X,Y ) is some potential that is defined
later. The range of integration over σ is taken to be [−∞,∞], because, nonetheless,
the physical range is only the parts where the tensions are not zero. The actual limits
of integration are set dynamically.
Note that the (τ, σ)-space being the common space of two strings is not the world-
sheet of any string, and therefore, σ is not the worldsheet coordinate. The actual space
where the strings live is determined by measures, ΦX and ΦY .
The equations of motion provide us with the constraints on V (X,Y ).
Notice that in order to be effective Sinteraction requires both tensions, ∂a(
ΦX√−γX
)
and ∂b(
ΦY√−γY
), to have a jump at the same point, otherwise Sinteraction vanishes. So
that is why there is the need for the gauge fields charges at the point σ1.
The equation (38) is indeed conformal invariant because
γabX → Ω−2γabX ,
√−γX → Ω2
√−γX . (39)
Then
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γabX
√−γX → γabX
√−γX . (40)
Using ΦX → Ω2ΦX , we obtain
γabXΦX → γabXΦX (41)
and
(
ΦX√−γX )→ (
ΦX√−γX ). (42)
Also
γabY
√−γY → γabY
√−γY . (43)
Note that even through the full system has separate conformal invariance for each
string, γabX → Ω−2X γabX , γabY → Ω−2Y γabY , the reparametrization invariance is still com-
mon. As we work in a common for both strings worldsheet spacetime, then a separate
reparametrization invariance is not possible in principle .
The equations of motion with respect to Xµ acquire an extra term comparing to
(13). It is
(λ1
√−γXγabX + λ2
√−γY γabY )∂a(
ΦX√−γX )∂b(
ΦY√−γY )
∂V (X,Y )
∂Xµ
. (44)
From the analogues to (22) we see that
∂σ(
ΦX√−γX ) = e1δ(σ − σ1), (45)
∂σ(
ΦY√−γY ) = e5δ(σ − σ1). (46)
These terms produce two delta-functions, δ2(σ − σ1), which should be eliminated.
Then
∂V (X,Y )
∂Xµ
|σ=σ1 = 0. (47)
If not the X-string but Y-string is considered, then variation with respect to Y µ
gives us the similar condition
∂V (X,Y )
∂Y µ
|σ=σ1 = 0. (48)
The equations of motion with respect to γcdX are altered too comparing with (14).
The additional term is
λ1γ
ab
X
1
2
√−γXγXcd∂a( ΦX√−γX )∂b(
ΦY√−γY )V (X,Y )+
+ λ1
1
2
(δcaδ
d
b + δ
c
bδ
d
a)
√−γX∂a( ΦX√−γX )∂b(
ΦY√−γY )V (X,Y )+
10
+
1
2
ΦX√−γX γXcd∂a((λ1
√−γXγabX + λ2
√−γY γabY )∂b(
ΦY√−γY )V (X,Y )) = 0. (49)
Since (47) is established, then the additional constraint on V (X,Y ) is
V (X,Y )|σ=σ1 = 0. (50)
The intersection point is fixed now. The next task is to define the potential V (X,Y )
itself.
It is a function that is defined at the point where we demand the intersection of
two strings to occur. The intersection condition is
Xµ|σ=σ1 = Y µ|σ=σ1 . (51)
The most simple form it can take in the case of a flat spacetime background is
V = (X − Y )2 = ηµν(Xµ − Y µ)(Xν − Y ν). (52)
The constraint (50) leads exactly to
Xµ|σ=σ1 = Y µ|σ=σ1 . (53)
We obtain these conditions dynamically by adding the term to the action and spec-
ifying the potential V (X,Y ). These are exactly the Dirichlet boundary conditions.
5 The String Baryon Model by ’t Hooft [16]
Three strings (Xµ,1,Xµ,2,Xµ,3) intersect at the point σ = 0. The Lagrange multipliers
(lµ1 (τ), l
µ
2 (τ)) are introduced in the interaction term.
Sinteraction−tHooft =
∫
dτ(lµ1 (τ)(X
µ,1(0, τ)−Xµ,3(0, τ))+lµ2 (τ)(Xµ,2(0, τ)−Xµ,3(0, τ))).
(54)
The boundary conditions for the intersection point σ = 0 are
∂σ(X
µ,1 +Xµ,2 +Xµ,3) = 0, Xµ,1 −Xµ,3 = Xµ,2 −Xµ,3 = 0, (55)
and for each endpoint (σ = Lk(τ)) are:
∂σX
µ,k = 0, (56)
where k = 1, 2, 3 and Lk(τ) are the lengths.
So the Neumann boundary conditions hold only for the sum
∑3
k=1X
µ,k at the in-
tersection point.
11
By choosing conformal gauge, where γab = Ω
2ηab, the wave equation ✷X
µ = 0
holds outside the intersection point or endpoints. Therefore
Xµ = XµL(τ + σ) +X
µ
R(τ − σ). (57)
Then the boundary conditions at the endpoints (56) are
X
µ,k
L (τ, L
k(τ)) = Xµ,kR (τ, L
k(τ)). (58)
But in ’t Hooft’s treatment things are more complicated at the intersection point.
The signal is propagated to the endpoints and reflects back to the intersection point.
So that the boundary conditions (55) are nonlocal in time and take the form
X
µ,k
L (τ, 0) = X
µ,k
R (τk, 0). (59)
As is seen, XL and XR are evaluated at different times, and τk(τ) are the solutions
of
τ − τk = 2Lk(τ ′k), τ ′k ≡
τ + τk
2
. (60)
In the next section we show that this nonlocality is absent in our approach.
6 The Resolution of the Nonlocality
Starting from here σ0 denotes the intersection point as previously interchangeably σ1
and σ5. We put σ0 to 0 for the comparison with ’t Hooft’s results.
The key feature of our model is that the Neumann boundary conditions (31), (37)
hold not only at the endpoints but at the intersection point too.
Again by choosing the conformal gauge the wave equations ✷Xµ = 0, ✷Y µ = 0
hold outside the intersection point or endpoints. Therefore
Xµ = XµL(τ + σ) +X
µ
R(τ − σ), Y µ = Y µL (τ + σ) + Y µR (τ − σ). (61)
Then we directly obtain for the X-string:
X
µ,i
L (τ, 0) = X
µ,i
R (τ, 0) (62)
and for the Y -string:
Y
µ,j
L (τ, 0) = Y
µ,j
R (τ, 0). (63)
It is true up to a constant term that can be ignored while considered as either a
function of (τ + σ) or (τ − σ) irrespectively.
As is seen, XL and XR are evaluated at the same time τ . Therefore, we have lo-
cality at the intersection point as opposite to ’t Hooft condition (59).
At the endpoints we still get the conditions (58).
12
7 The Solutions for the Equations of Motion in
a Minkowski Background Spacetime
We continue to assume that the endpoints are massless as opposed to [17, 18], where
the massive endpoints cases are investigated. Our analysis can be generalized for mas-
sive endpoints.
Here the rotation of the strings comes into play. We consider the motion on the
plane, and two points are enough to define it. Any other motion demands higher
dimensions and will unnecessary complicate our rotating configuration that is fully
described in three dimensions.
As we are dealing with stringy particles, let’s take the embedding spacetime to be
the Minkowski spacetime. The signature of ηµν is (+1,−1,−1).
The equations of motion are
✷Xµ =
1√−γ ∂a(
√−γγab∂bXµ) = 0, (64)
where µ = 0, 1, 2 denotes the components of X. As previously, all the calculations
are correct for both branches of the Y -string too.
Note that since T1, T2, T3 are not the same, then the wave vectors, k1, k2, k3
(k = 2π
λ
), that will appear later, are not the same.
Variation of the sigma-model action with respect to γab, the equation (2) , can be
rewritten as
γab =
2ηµν∂aX
µ∂bX
ν
γcd∂cXµ∂dXνηµν
= Ω2hab, (65)
where hab = ηµν∂aX
µ∂bX
ν is the induced metric. As
√−γγab is invariant under
conformal transformations (see equation (40)), then (64) reduces to
✷Xµ =
1√−h∂a(
√
−hhab∂bXµ) = 0. (66)
As we will see there are solutions of the form
X0 = c1τ + c2σ; (67)
X1 = R(σ) cos(ωτ); (68)
X2 = R(σ) sin(ωτ), (69)
where c1, c2 are some constants.
The Neumann boundary conditions are imposed at the intersection point (σ = 0).
Therefore, c2 = 0, and X
0 is a monotonic function of τ :
13
X0 = τ. (70)
The Neumann boundary conditions are imposed at the endpoints too and provide
that σ = 0. Then again
X0 = τ. (71)
Before the boundary conditions are imposed to X1 and X2, let’s check that R(σ)
is an arbitrary function of σ.
The matrix elements are
hττ = η00∂τX
0∂τX
0 + η11∂τX
1∂τX
1 + η22∂τX
2∂τX
2 =
= 1− (−R(σ) sin(ωτ)ω)2 − (R(σ) cos(ωτ)ω)2 = 1−R2(σ)ω2; (72)
hσσ = η00∂σX
0∂σX
0 + η11∂σX
1∂σX
1 + η22∂σX
2∂σX
2 =
= −(−(∂R
∂σ
) sin(ωτ))2 − ((∂R
∂σ
) cos(ωτ))2 = −(∂R
∂σ
)2; (73)
hτσ = hστ = 0. (74)
The inverse matrix elements are
hττ =
1
1−R2(σ)ω2 ; (75)
hσσ =
−1
(∂R
∂σ
)2
; (76)
hτσ = hστ = 0. (77)
Then
det hαβ = −(1−R2(σ)ω2)(∂R
∂σ
)2. (78)
√− dethαβ ≡ √−h = √(1−R2(σ)ω2)(∂R
∂σ
). (79)
Therefore, the equations of motion
∂τ (
√
−hhττ∂τXµ) + ∂σ(
√
−hhσσ∂σXµ) + ∂τ (
√
−hhτσ∂σXµ) + ∂σ(
√
−hhστ∂τXµ) = 0
(80)
reduce to
∂τ (
√
−hhττ∂τXµ) + ∂σ(
√
−hhσσ∂σXµ) = 0. (81)
Then for µ = 0:
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∂τ (
√
1−R2(σ)ω2(∂R
∂σ
)
1
1−R2(σ)ω2 ) = 0 (82)
for µ = 1:
∂τ (
√
1−R2(σ)ω2(∂R
∂σ
)
1
1−R2(σ)ω2 (−R(σ)ω sin(ωτ)))+
+ ∂σ(−
√
1−R2(σ)ω2(∂R
∂σ
)
1
(∂R
∂σ
)2
(
∂R
∂σ
) cos(ωτ)) = 0. (83)
for µ = 2:
∂τ (
∂R
∂σ
1√
1−R2(σ)ω2R(σ)ω cos(ωτ))+
+ ∂σ(
√
1−R2(σ)ω2(∂R
∂σ
)
−1
(∂R
∂σ
)2
(
∂R
∂σ
) sin(ωτ)) = 0. (84)
We do not specify R(σ). However, the equations of motion (81) are satisfied.
As R(σ) is arbitrary, we take it to be
R(σ) = σ − 1
k
sin(kσ). (85)
Next, the Neumann boundary conditions, ∂X
µ
∂σ
= 0, are going to be set at the in-
tersection point and then at the endpoints.
Again, at the intersection point σ is assumed to be equal to 0. Then
for µ = 1 and µ = 2:
X1 = (σ − 1
k
sin(kσ)) cos(ωτ); (86)
X2 = (σ − 1
k
sin(kσ)) sin(ωτ). (87)
At the endpoints σ can not be assumed to be equal to 0. Then
for µ = 1 and µ = 2:
X1 = (σ − 1
k
sin(kσ)) cos(ωτ); (88)
X2 = (σ − 1
k
sin(kσ)) sin(ωτ). (89)
Therefore, the Neumann boundary conditions at the endpoints give us the con-
straints on kσ at the endpoints:
1− cos(kσ) = 0. (90)
Then the conditions for the wave vectors are
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kσ = 2πn, (91)
where n is an integer. The intersection point is excluded, then n 6= 0.
The energy of a single string is
E = −p0 = −
∫
P τ0 dσ, (92)
where P τ0 ≡ ∂L∂(∂τX0) and L = −T
√
(∂τX∂σX)2 − (∂τX)2(∂σX)2. Then in our case
P τ0 = −T
−(∂σX)2√
(∂τX∂σX)2 − (∂τX)2(∂σX)2
=
= −T (∂R
∂σ
)2
1√
1−R2(σ)ω2(∂R
∂σ
)
= −T (∂R
∂σ
)
1√
1−R2(σ)ω2 . (93)
Therefore,
Esingle = T
∫
(
∂R
∂σ
)
1√
1−R2(σ)ω2 dσ = T
∫ R(σendpoint)
R(σ0=0)
dR√
1−R2(σ)ω2 =
= −T 1
ω
arcsin(−ωR(σ))|R(σendpoint)
R(σ0=0)
= T
1
ω
arcsin(ωR(σendpoint)). (94)
The energy of our string baryon configuration is
Esystem = T1
∫ R(σ2)
R(σ0=0)
dR√
1−R2(σ)ω2+
+ T2
∫ R(σ3)
R(σ0=0)
dR√
1−R2(σ)ω2 + T3
∫ R(σ4)
R(σ0=0)
dR√
1−R2(σ)ω2 =
= T1
1
ω
arcsin(ωR(σ2)) + T2
1
ω
arcsin(ωR(σ3)) + T3
1
ω
arcsin(ωR(σ4)). (95)
The angular momentum of a single string is
J
µν
single = −
∫
(XµP τν −XνP τµ )dσ. (96)
In our case
J12single = −
∫
(X1P τ2 −X2P τ1 )dσ, (97)
where
P τ1,2 = −T
(∂τX∂σX)∂σX1,2 − (∂σX)2∂τX1,2√
(∂τX∂σX)2 − (∂τX)2(∂σX)2
. (98)
Then
P τ1 = T (
∂R
∂σ
)
R(σ)ω sin(ωτ)√
1−R2(σ)ω2 ; (99)
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P τ2 = −T (
∂R
∂σ
)
R(σ)ω cos(ωτ)√
1−R2(σ)ω2 . (100)
Therefore,
J12single = −
∫
(−R(σ) cos(ωτ)T (∂R
∂σ
)
R(σ)ω cos(ωτ)√
1−R2(σ)ω2−
−R(σ) sin(ωτ)T (∂R
∂σ
)
R(σ)ω sin(ωτ)√
1−R2(σ)ω2 )dσ = Tω
∫ R(σendpoint)
R(σ0=0)
R2(σ)dR√
1−R2(σ)ω2 =
= Tω(
R(σendpoint)
−2ω2
√
1−R2(σendpoint)ω2 + 1
2ω2
(− 1
ω
arcsin(−ωR(σendpoint)))) =
= T
1
2ω2
(arcsin(ωR(σendpoint))−R(σendpoint)
√
1−R2(σendpoint)ω2). (101)
The angular momentum of our string baryon configuration is
J12system = T1
1
2ω2
(arcsin(ωR(σ2))−R(σ2)
√
1−R2(σ2)ω2)+
+ T2
1
2ω2
(arcsin(ωR(σ3))−R(σ3)
√
1−R2(σ3)ω2)+
+ T3
1
2ω2
(arcsin(ωR(σ4))−R(σ4)
√
1−R2(σ4)ω2). (102)
The Regge trajectory is a relation between the angular momentum and the square
of the energy. Let’s see it here.
Up to this point we did not assume any specific dynamics of the point charges
at σ2, σ3, σ4. Here we assign a massless dynamics to these endpoints. Therefore,
R(σ2)ω = R(σ3)ω = R(σ4)ω = 1, that is, each endpoint moves with the speed of light.
From our choice of R(σ), (85), and the following condition on kσ, (90), we get
R(σ)|endpoint = σendpoint = 2πn
k
. (103)
Then for the lowest mode (n = 1), we obtain
R(σ)|endpoint = 1
ω
. (104)
Then
Esystem = (T1 + T2 + T3)
1
ω
(
π
2
); (105)
J12system = (T1 + T2 + T3)
1
2ω2
(
π
2
). (106)
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Then the Regge trajectory of our system is
J = 2α′E2, (107)
where α′ = 12π(T1+T2+T3) is the slope parameter.
8 Quantum Discussions
In this paper we have ignored the structure of the quantum version of the theory. In
this respect we propose this model as an effective model that may not be considered
beyond the tree level, so the question of quantization may not be relevant. In any
case any string model applied to hadron phenomenology has to be understood as an
effective theory, since the fundamental theory is QCD, not a fundamental string theory.
It is interesting to notice that the structure of the action we have considered is
linear in each measure. For example, the dependence on the measure ΦX is (after
integration by parts)
S =
∫
dσdτΦXLX + . . . , (108)
With LX being independent of ϕ
i
X (ΦX = ǫ
abǫij∂aϕ
i
X∂bϕ
j
X), we get that the fol-
lowing infinite dimensional symmetry exists, up to a total divergence
ϕiX → ϕiX + f i(LX), (109)
which preserves the linear structure of the action with respect to ΦX . This sym-
metry is infinite dimensional because it holds for any function f i(LX), and the set of
all functions is an infinite dimensional set.
Similar arguments can be made to justify the linearity of ΦY .
Without any assumptions on L, we show now that ϕi → ϕi + fi(L) is a symmetry.
We do not specify whether X-string or Y -string is under consideration because the
prof is similar for both strings.
ΦL = ǫabǫij∂aϕi∂bϕjL→ ǫabǫij∂a(ϕi + fi(L))∂b(ϕj + fj(L))L =
= ǫabǫij∂aϕi∂bϕjL+ ǫ
abǫij∂afi(L)∂bϕjL+
+ ǫabǫij∂aϕi∂bfj(L)L+ ǫ
abǫij∂afi(L)∂bfj(L)L. (110)
Let’s consider the last three terms separately:
The fourth term:
ǫabǫij∂afi(L)∂bfj(L)L = ǫ
abǫijf
′
i∂aLf
′
j∂bL = 0, (111)
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where f ′i(L) =
∂fi
∂L
. It is equal to zero because ∂aL∂bL is symmetric, while ǫ
ab is
antisymmetric.
The second and the third terms:
Let’s define:
ǫabǫij∂bϕj = A
a
i , (112)
ǫbaǫji∂aϕi = A
b
j . (113)
Then
Aai f
′
i(L)∂aLL+A
b
jf
′
j(L)∂bLL = 2A
a
i f
′
i(L)∂aLL =
= ∂a(A
a
i gi(L)) = (∂aA
a
i )gi(L) +A
a
i g
′
i(L)∂aL, (114)
so since ∂aA
a
i = 0, this is satisfied for
g′i(L) = 2f
′
i(L)L, (115)
gi(L) = 2
∫
dLf ′i(L)L. (116)
For every fi there exists such gi. And the additional part of L after the transfor-
mation is a total derivative.
This infinite dimensional symmetry (since the function fi(L) is arbitrary) is defined
for all configurations, including those that do not satisfy equations of motion. It must
be that way because in quantum theory we integrate over configurations that are off
shell.
The existence of symmetries is usually used as a way to protect the theory, so
that it keeps its basic structure even after quantum effects. Here the linearity on the
measure, Φ, in the action (so that it remains a measure) is protected under quantum
corrections, in the case this symmetry (or a subgroup of this symmetry) is not plagued
with anomalies.
Finally, other terms that do not contribute in the case of static configurations could
be considered, like
∫
dσdτǫab∂a(
ΦX√−γX )∂b(
ΦY√−γY )V (X,Y ). (117)
This term could be relevant for quantum effects, like quantum creation processes,
etc. This will be explored in a future publication.
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9 Conclusions
We start our consideration with a single string. But instead of using
√−γ as a mea-
sure as it is done in a sigma-model action, we take a measure Φ, which is constructed
out of two scalar fields. We are permitted to do it as long as it is a density under
arbitrary diffeomorphisms on the worldsheet spacetime, which is indeed the way we
have constructed our measure.
Subsequently, the string tension appears as a constant of integration. In this frame-
work it is not a scale that is put ad hoc but an additional dynamical degree of freedom.
In [19] besides the supersymmetric extension, the gauge field and the new density in
the action are quadratic and inverse, correspondingly, as opposed to the linear ones in
our case. While our initial settings are different, the string tension appears there as an
integration constant too. In principle the mechanism studied could be formulated also
in the framework of the [19]’s approach, the action would be then modified by adding
sources, etc.
We consider a single string. The charges at the endpoints of the string lead via the
tension discontinuity to the Neumann boundary conditions.
Then we consider two strings. The endpoint of one string is connected to the inter-
nal part of the other one (See Fig.2). The charge in the internal part of the string lead
via the tension alterations to the Neumann boundary conditions. By the addition of
an interaction term to the modified action we obtain the conditions for the intersection
that are the Dirichlet boundary conditions.
The action governing the string baryon configuration in Fig.2 is
Ssystem = −
∫
dσdτΦX [
1
2
γabX ∂aX
µ∂bX
νgµν − ǫ
ab
2
√−γX Fab] +
∑
i=1,2
∫
dσdτAaj
i
A−
−
∫
dτdσΦY [
1
2
γabY ∂aY
µ∂bY
νgµν − ǫ
ab
2
√−γY Fab] +
∑
j=3,4,5
∫
dσdτBaj
j
B+
+
∫
dσdτ(λ1
√−γXγabX + λ2
√−γY γabY )∂a(
ΦX√−γX )∂b(
ΦY√−γY )V (X,Y ), (118)
where
FAab = ∂aAb − ∂bAa,
FBab = ∂aBb − ∂bBa.
The A-gauge field couples directly to the measure of the X-string, and the B-gauge
field couples directly to the measure of Y -string. The charges e1 and e2 belong to the
A-field, the charges e3, e4 and e5 belong to the B-field. The field strength F
A
ab arises
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from the A gauge field, and the field strength FBab arises from the B gauge field.
Neumann boundary conditions are presented at all endpoints, l = 1, 2 m = 3, 4:
∂σX
µ(τ, σl) = 0, ∂σY
µ(τ, σm) = 0. (119)
Both Dirichlet and Neumann boundary conditions are presented at the single in-
tersection point.
Xµ|σ=σ5 = Y µ|σ=σ5 , ∂σY µ(τ, σ5) = 0 (120)
To avoid any confusion: generally, σ denotes the location in the string. Especially,
σ1 and σ2 denote the X-string endpoints with the charges e1 and e2, σ3 and σ4 denote
the Y -string endpoints with the charges e3 and e4, σ5 denotes the point in the Y -string
where the charge e5 is located. Strings intersect and by the construction, σ1 and σ5
denote the same location, the point of intersection. The charge e1 being the endpoint of
the X-string terminates the tension of the X-string and, as any other endpoint charge,
raises the Neumann boundary conditions. The charge e5 being the internal charge of
the Y -string changes the value of the tension of the Y -string and raises the Neumann
boundary conditions. Anytime, the tension of any string changes (including reducing
to zero) the Neumann boundary conditions arise. In order for strings to intersect, the
Dirichlet boundary conditions at the point σ1 (the same as to say σ5) are obtained.
Starting from Section 6, where we make a comparison and later, when we solve the
equations of motion, we denote the point of intersection as σ0, that is σ1 = σ5 = σ0
and without loss of generality set it to 0.
The Neumann boundary conditions differ from the ones obtained in [16]. There
the Neumann boundary conditions at the intersection point hold only for the sum∑3
k=1X
µ,k. It leads to a nonlocality in (59).
A remarkable difference with [16] is that in our case the boundary conditions at the
intersection point become local in time:
X
µ,i
R (τ, 0) = X
µ,i
L (τ, 0) (121)
and
Y
µ,j
R (τ, 0) = Y
µ,j
L (τ, 0). (122)
Here the same τ is involved. This is due to the specific physics introduced to
induce the boundary conditions: the dynamical tension mechanism which determines
how strings end, interact etc. As we have seen, the approach with introduced Lagrange
multipliers to enforce the strings to meet at some point σ = 0 is not equivalent.
The latter, as it is pointed out by ’t Hooft himself, may require additional boundary
conditions in particular because the method for propagating the signal from σ = 0 to
σ = Lk(τ) and back can become ill-defined in some limits. Such problem is absent in
our approach due to the locality in time of the boundary conditions.
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In QCD which is the underlying microscopic theory in our case the chromo-electric
field is generated by static quarks and leads to tube-like structures. String-like behav-
ior in the chromo-electric field is well known. In our model charges too are responsible
for the very existence of the string. It is demonstrated through the value of the string
tension. In the string baryon model we use two types of abelian gauge fields. It is an
indication that a more sophisticated theory that includes non-abelian gauge fields (and
therefore many gauge fields automatically) would be more suitable.
Note that when the tensions are taken to be in a way that two of them are much
greater than the third one then the diquark model arises. The introduction of the
diquark provides us with a possibility to construct a more effective scheme for highly
excited states, with less degrees of freedom and less number of highly excited states [20].
We have studied some rotating string solutions of equations of motion with the new
boundary conditions. We obtain the energy and the angular momentum of our system,
then assuming that each endpoint is a dynamical massless particle, the Regge trajec-
tory is presented. A full analysis of the most general solutions will be done in the future.
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